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Abstract
Among the three methods of dening the squeezed states of the harmonic oscillator,
only two, i.e. the minimumuncertainty and ladder-operator methods were extended to
investigate the squeezed states of the general symmetry systems. The only exception is
the displacement-operator formalism. In this letter we propose a displacement-operator
approach to the squeezed states for general systems. We show that the ladder-operator
squeezed states for general symmetry systems can be obtained by applying an exponen-
tial displacement-operator on the \vacuum" state. The general formalism is presented
and it is illustrated with su(1; 1) as an explicit example. As a byproduct, the squeezed
states of the q-deformed oscillator are obtained and, in particular, expressed in terms
of the usual exponential displacement-operator acting the \vacuum" state.
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It is well known that there are three equivalent denitions of the coherent states of the
harmonic oscillators, that is, (1) the displacement-operator acting on the vacuum states,
(2) the eigenstates of the annihilation operator and (3) the minimum uncertainty states.
Generalizations to the coherent states of arbitrary Lie groups were extensively studied in
the literature [1, 2]. However, their extension to the squeezed states [3], which become more
and more interesting in the quantum optics [4] and gravitational wave detection[5], gave the
equivalent results only for the harmonic oscillator. The minimum uncertainty method works
well for both the coherent and squeezed states for any symmetry systems [6, 7] and the
ladder-operator squeezed states for general systems was described in [8]. Both methods are
closely connected as discussed in [8]. Now the exception is that there is no general approach
to the displacement-operator squeezed states for the general systems although there are some
works toward this goal [9].
In this letter we shall develop a displacement-operator approach to the squeezed states
for general systems (see Eqs.(2), (7)). The general formalism is presented and illustrated
with su(1; 1) as an explicit example. We conclude that these squeezed states are equivalent
to those obtained by the ladder-operator method. In the limit of zero squeeze, they reduce to
the multiphoton coherent states in [10], and for the su(1; 1) case we recover the well-known
two-component coherent states [13]. As a byproduct, the squeezed states of the q-deformed
oscillator [11] are obtained and expressed as the usual exponential displacement-operator
acting on the vacuum states.
We rst recall the ladder-operator approach of Nieto and Truax. They described that
the general ladder-operator squeezed states are the eigenstates of a linear combination of the





ji = ji; (1)
where  and  are complex constants, A and its hermitian conjugate A
y
are the lowering







in which C is an operator to be specied later. We consider the eigenvalue equation (1) in
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the parameter region jzj = j   =j < 1. This means that the operator A + A
y
has
more annihilation than creation operators (see (22)). In quantum optics A is usually the




where a and a
y






1, N = a
y
a, and m is a positive integer. As usual the Fock states of the oscillator a and
a
y
are denoted by jni, n = 0; 1; : : :, aj0i = 0, ajni =
p




n+ 1jn + 1i.
The function f(N) species the intensity dependent coupling, which is in general complex
and we assume that f(x) does not have zeros at non-negative integer values of x. By using
aa
y






= (N + 1)(N + 2), etc, we obtain
AA
y





A = (N  m+ 1)(N  m+ 2)   Nf(N  m)f

(N  m): (5)
It is obvious that we only need to restrict our discussions to the sector S
i
(i = 0; 1;    ;m 1)
spanned by the Fock states jnm+ ii (n non-negative integers). Introducing the multiphoton
number operator N
i





(N   i) ; i = 0; 1;    ;m  1; (6)
and F (N + 1)  (mN + 1 + i)    (mN +m + i)f(mN + i)f

(mN + i), we can recast the
system (2), (4), (5) in the following form
AA
y
= F (N + 1); A
y







; [N ; A] =  A: (7)
These are the starting relations of this letter, which we call general intensity dependent m-
photon algebra.
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With these denitions, the operator C in (2) is C = F (N + 1)   F (N ).
Note that the r.h.s. of (5) vanishes on the Fock states jni for 0  n  m  1, which implies
F (0) = 0 in each sector.
The system (7) is general enough to cover many interesting examples: The case m = 1
and f(N) = 1 is the harmonic oscillator; For m = 1 and f(N) =
p
2k +N (k  0) we









 k +N: (8)
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A similar algebra appeared in Heisenberg's theory of non-linear spinor dynamics [14].
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where jj0i = jii is the vacuum state of sector S
i
satisfying Ajj0i = Njj0i = 0 and F (n)! 





F (n+ 1)jjn+ 1i; Ajjni =
q
F (n)jjn  1i; Njjni = njjni: (12)
It is very tempting to apply the idea of the system (7) to the multiphoton (m-photon)

















































(N + 1)(N + 2)    (N +m)
(N + 1)(N + 2)    (N +m)
[N
q









(N  m+ 1)(N  m+ 2)   N




































(The case m = 1 was found in [15]. See also [16], [17] and [18].) It should be remarked that
the eigenvalues of N
q
are not integers except for the i = 0 sector.
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is not true in the \vacuum" of each sector S
i
(i  1 and m > 1). Obviously the \vacuum"







jii = 0; i = 0; 1; : : : ;m  1: (19)





]jj0i is non-vanishing for i  1. This
apparent inconsistency is caused by 0=0 = 1 in (16), since N   i in the numerator and
denominator vanish on jj0i = jii. To sum up, the relations (18) and (16) are broken only by
the \vacuum" expectation value and all the other relations are correct. It would be very
interesting if one could nd physical applications of the \spontaneously broken" q-deformed
multi-boson coherent states.
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Now we shall solve the eigenvalue equation (1) and express the result in the form of
exponential displacement operators acting on the vacuum state. We complete this in two







Bjvi = 0: (20)








's are the coecients to be determined.















F (2k   1)!!
F (2k)!!
; (21)
where z =  =, F (2k)!! = F (2k)F (2k   2)    F (2), F (2k   1)!! = F (2k   1)F (2k  





























If we introduce the intensity and sector-dependent multiphoton coupling then we can obtain the q-








in each sector, then it is










= [N ] are satised as operator equations.
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It is easy to check that the above innite series converges if jzj < 1 under mild assumptions
on the asymptotic behavior of f(x), e.g., f(x) ' x

















F (N + 2)
  
N + 2k
F (N + 2k)
; (23)















(N + 2)    (N + 2k)























is referred to as the generalized squeeze operator.
The second step is to construct the coherent displacement-operator D() such that
D()jvi is an eigenstate of B. This can be achieved if D() satises the following rela-
tion
[B; D()] = D(): (26)




] = 1 exists. Then a particular solution






















. Surely the solution of (26) is not unique since for arbitrary
functions s(B) and t(B), D
0
() = s(B)D()t(B) also satises (26). However, this non-
uniqueness is of no interest to us for the present purposes. Suppose that we can nd an
operator G
y
such that [A; G
y
] = 1 (then [A; G] = 0 because G
y




























) = 1 can always be met for
jzj < 1 by rescaling . Therefore Q
y







































is corresponding to the sector S
0














Finally the displacement-operator squeezed state is obtained as







































































































on the sector S
1
































































































when  (and therefore z) is vanishing. Note that in (35) we use the usual Fock states.
It should be mentioned that the squeezed states of the q-deformed oscillators (m = 1
case) can also be obtained by inserting (13) and (14) into the general formula (31). We have
advanced the understanding of the problem on two points, that is, (i) the displacement-
operator is expressed by the usual exponential form [16], not the so-called q-deformed ex-
ponential function; (ii) the q-deformed oscillator admits the multi-component squeezed and
6
coherent states through its multiphoton realization (14) but the relationship is broken by the
\vacuum" expectation value. The above presentation can also be applied to the case of the
quantum algebra su(1; 1)
q
.
So far we have described a displacement-operator formalism of the squeezed states for the
general symmetry system for the rst time. This work shows that the ladder-operator method
of squeezed states for general systems has an equivalent displacement-operator formalism.
Applying to the su(1; 1) system we obtain the explicit squeezed states in the displacement-
operator form. As a special case of this formalism, we obtained the displacement-operator
of squeezed states of q-deformed oscillator in the usual exponential form.
This formalism can also be applied to the systems with self-similar potentials [19]. In
these systems, the dynamical symmetry algebra (called q-ladder algebra) belongs to the
general system (7). The concrete properties of the various coherent states arising from them
will be published in a separate paper. The explicit expression of the squeezed states (31)
also opens new possibilities to investigate their non-classical properties.
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